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The 3 main kinds of machine learning

Supervised Unsupervised

Reinforcement
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A dimensionality reduction problem

Given X anbyp dapta matrix , find a Y n x g matrix with ?]< p
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Dimensionality reduction: what for ?

@ Visualize (¢ =2 ou 3)

» validate data coding
» detect outliers and miss labeled data
» visualize classes

o Represent (q < p) (or g > p cf. kernel representation)

» summarize (remove noise)
> preprocessing: brings statistic and computation efficiency
» the hidden variable hypothesis

Coding/decoding functions

cod: RP — R |, x +— y=cod(x)
dec: RY — RP |, y — x=dec(y)

This problem is ill posed: what is the criteria to be optimized?



The curse of dimensionality
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FIGURE 2.6. The curse of dimensionality is well illustrated by a subcubical
neighborhood for uniform data in a unit cube. The figure on the right shows the
side-length of the subcube needed to capture a fraction v of the volume of the data,
for different dimensions p. In ten dimensions we need to cover 80% of the range
of each coordinate to capture 10% of the data.

In large dimension, intuitions we have on distances in low dimension (2 or
3) no longer apply.

image from the Elements of Statistical Learning, chapter 2 (pp 23):




Dimensionality reduction: the big picture

parametric (= supervised ) vs. non parametric (= unsupervised)
linear vs. non linear

global metric vs. local metric

Dimension Reduction Overview

Parametric
(LDA)
Linear
Dimension (PCA)
reduction
Non- Global
parametric (ISOMAP,MDS)
Nonlinear
tSNE (t-distributed Stochastic Neighbor Embedding)
: more stable Local
s i and faster (LLE, SNE)
implementation solution
MDS —— SNE ——> sym SNE——> UNI-SNE——> tSNE —> Barnes-Hut-SNE
Local+probability crowding problem O(N2)->O(NlogN)
2002 2007 2008 2013

Visualization using tSNE, Yan Xu
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PCA: principal component analysis
Model: data = information 4+ noise

X=YV +B

cod: RP — R | X — Y =XV

linear coding: dec: RY —» RP Y —s yyT

Objective: min. the reconstruction error between X et dec(cod(X)))

min ||X — YVT|2
YeR"™ 9,V

or maximize the variance of the projection

max || Xv||? with [|[v]|? =1 and y = Xv
veRP

or minimize the reconstruction error of the covariance (Gram) matrix

[XXT —yy"|?

min
yER"



PCA computation

Theorem (Eckart & Young, 1936)
The unique solution of

min J(y,v)  with J(y,v) = [X -y |}
y,v

with ||v*|| =1, is given by: v* and y* = X v*, where v* is the
normalized eigen vector associated with \ the largest eigen value of X T X.
Furthermore, we have: ||y*|| = V/\.

proof
Vyd(y,v) = —2Xv+ 2|lv|[?’y =0
Vid(y,v) = —2XTy +2|ly|>v =0

3 different ways to get Y

svd(X), eig(XX), eig(XX")



PCA as an encoding/decoding mechanism
Coding/decoding functions

cod: RPF — RI |, x +—— y=cod(x)
dec: RT — RP |, y +— x, = dec(y)

Let V be the p x g matrix

cod(x)=V'x=y dec(y) = Vy = VT Vx
1 1/
1
X v’ y v Xr
q
pl pl
cod(x) dec(y)

Autoencodeurs



2d PCA on the MNIST data

p =784
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Distances

@ symmetric : d(s,t) =d(t,s)

@ separation : d(s,t)=0&s=t

o triangular inequality: d(s,t) < d(s, z) + d(z,t)
Example: the euclidian distance

d(s,t) = lls —tl =

Distance and dot product
d(s,t)* = [Is> + [[t]* — 25"t

hypermetrics and quasi distances
distances and probabilities
Gram matrix

G=Xxx" avec Gj=x/xj=1- 3d(xi, ;)



Multidimensional scaling (MDS)

Given
dx (i, J) = lIxi — x|

Distances conservation

n i—1
X PN 2 2
Yénplﬁxq;; (dx(i,0)* = [lyi = vlI*)

dy (i,j)?

Related optimization problems (many variants):
@ classical MDS (Torgerson, 1958)
@ Kruskal -Shepard method (Kruskal, 1964)
@ Sammon projection (Sammon, 1969)
e MDS INDSCAL (Carrol et Chang, 1970)
° ...



Classical MDS

Let H be the n x n centering projection matrix

H:l—%eeT avec e=(1,1,...,1,...,1)T e R"

@ given the distance matrix Dx

» Y columns are the eigen vectors of HDx H multiplied by the square
root of their corresponding eigen values

\/J':\/)\»iuh I:17q

@ if X, is known, it is the PCA of the centered data matrix
» Y columns are singular values of X¢ = HX multiplied by their singular
values.
Yj = wiuj, i=1,q



MDS and PCA

MDS = PCA

o if the data is lying on an hyperplane
— in that case, distances are preserved

@ if X is centered
and if Dx is doubly centered



MDS and PCA

let ¢ be the col mean vector of X,

let X¢ be the centered data matrix

X = X—ec!
= X-—leeTX=HX with H=/-2ee'

recall the distance and scalar product formula dx (i, j)? = ||x; — xJ-Hz = |Ix 1% + HXJ-HZ - 2)<,-T)<j
let G be the Gram matrix G = XX | and & = diag(G)  with &§; = ||x;[|?
we have, with Dy the distances matrix of general term dx (i, })?)

Dy = e +es' —2xx"
and
HDxH = —2X°X T

Classical MDS aims at minimizing

min  ||HDxH — HDy H||? = XX T — ySy<T 2
YERNX4q

Y€ is the eigen matrix of XX T that is the result of the SVD of X



Weighted MDS: Sammon’s projection

Reinforce closed neigbors (...and penalized distant ones)

n i—1
. .. 2
min wij (dx(i,7) = llyi — vl
YeR"™<9 ;; J ( A/—J’)
dy (i.j)
1
W= ——
T i = x|

Optimization via an iterative descent algorithm (slow) Quasi Newton
(L-BFGS).

https://wuw. codeproJect com/Articles/43123/Sammon- Projection
Sammeon, John W. Jr., "A Nonlinear Mapping for Data Structure Analysis", IEEE T. on Computers, vol. C-18, no. 5, 1969


https://www.codeproject.com/Articles/43123/Sammon-Projection

Sammon’s projection Quasi Newton

=33 wiyj (dx(irf) — dy(in))? with dy(irj) = |lyi -yl
i=1 j=1
Vyds(Y) = =2 > wij (dx(i,j) — dy(i,j)) Vy,dy(i,j)

J=1#i

- 9 i dX(’J ( )(Yi_yj)

Py dx (i,/)dy(i,))




an illustration of Sammon'’s projection

Data: 3 mutually perpendicular circles in 6 dimensional space

(a) Projection by PCA does not preserve the structure (b) The Sammon mapping preserves the topological
of the dataset it is unclear that it consists of threc structure while the circles become distorted, there
circles are still three closed loops meeting at a single point

http://hisee.sourceforge.net/about.html
http://homepages.inf.ed.ac.uk/rbf/CVonline/LOCAL_COPIES/AV0910/henderson.pdf


http://hisee.sourceforge.net/about.html
http://homepages.inf.ed.ac.uk/rbf/CVonline/LOCAL_COPIES/AV0910/henderson.pdf

2 issues with Sammon’s projection

@ d =0— w = 0o because

1

W= T
ki =l

the criterion preserve all small distances.

Alternatives:
{ Lsi [l —x] <
wij =

0 sinon

@ Y are uniformly distributed in a circle




an example of MDS limitation
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Solution: metric learning of d(i, j)

dx(i,j) euclidean — —  dg(i,j) geodesic



Example of geodesic distance

cloud of points
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Isometric Feature Mapping (ISOMAP)

@ build a neighbor graph V

» create the graph of the k nearest neighbors for each data point x;
» connect x; with x; if || x; — x| <€

@ find the shortest path in the graph (Dijkstra : O(kn?log n))

nl .

zj: dx (xo(0). Xs(2+1)) with ¢ the shorstest path
dg(i,j) = x (a0 Xoe41) connecting on V, x; to X;

00 eIse

© compute Y with MDS (or Sammon's proj.) using dg instread of dx,

min ZZ w; j(dg(i,j) — dy (i, J))

nxq
YeR i—1 j=1

http://veb.mit. edu/cocoscl/lscmap/lsomap html https //glthub com/gpeyre/matlab toolboxes/tree/master/toolbox_dimreduc
A Global al. Science 290, 2000



http://web.mit.edu/cocosci/isomap/isomap.html
https://github.com/gpeyre/matlab-toolboxes/tree/master/toolbox_dimreduc

Isometric Feature Mapping (ISOMAP)
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http://www.numerical-tours.com/matlab/shapes_7_isomap/


http://www.numerical-tours.com/matlab/shapes_7_isomap/

ISOMAP on MNIST
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Problem with ISOMAP
@ its a global non sparse method
@ doesn't scale O(n?)

@ given a new Y the decoding function is not known X.
The pre image problem

Fnget extenslan

Wisl wialion

Isomap (k = 6) applied to n = 2000 images (64 pixels by 64 pixels) of a hand in different configurations. The images were generated by making a series of
opening and closing movements of the hand at different wrist orientations, designed to give rise to a two-dimensional manifold.
http://veb.mit.edu/cocosci/isomap/handfig.html


http://web.mit.edu/cocosci/isomap/handfig.html
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Locally Linear Embedding (LLE)

o} .
X s = =) : (D Select neighbors
o o-2.___
o © X &
. .
o @ o
o]
00° o o
o o

@ Reconstruct with
linear weights




Locally Linear Embedding (LLE)

Topology conservation: define a local metric
© V;;=0if/and j are not among the k < p nearest neigbors
@ compute the non zero weight: only for V;; # 0

n

min Z HXI_ZVFJXJ'H2 avec Zv,-’jzl, i=1:n

nxn
VeR =1 =1

— n least square problems
© howtoget Y

min Z lyi = ZV:‘MH2 =Y - VY|

YER™9 Y =
— SVD(I — V), the 2 smallest non zero singular values.

https: //cs nyu. edu/ roue)s/lle/algorlthm htm
ion by locally linear embedding. S. Roweis & L. Saul. Science, v.290 no.5500 , Dec.22, 2000.



https://cs.nyu.edu/~roweis/lle/algorithm.htm

Locally Linear Embedding (LLE)

ﬂgc (@dllmslas) mel ool mel mol e lod i lad o o od
i ) 6 ) 1

FIGURE 14.45. Images of faces mapped into the embedding space described by
the first two coordinates of LLE. Next to the circled points, representative faces
are shown in different parts of the space. The images at the bottom of the plot
correspond to points along the top right path (linked by solid line), and illustrate
one particular mode of variability in pose and expression.



Problems with LLE

@ Most of the data points concentrate at the center

@ A few points are far from the center to satisfy the unit variance
constraint.




Stochastic Neighbor Embedding (SNE)

Model the conditional probability of a point x conditionally to our position
in x;
—lIx=xl1?

I iy
Px(x|x) = > exp 207 Py(yly) = 5 exp ly =yl
X y

@ tune o; so that each point x; have k neighbors
» or to have the same perplexity p at each point
p = entropy(P;) = log(k)

@ Minimize the Kullback-Leibler divergence between both distributions

mln ’ZlKL Px (i |IPy( IzljzllP x (i) log ]PXE]]”;

Visualizing data using t-SNE, Maaten, L.v.d. and Hinton, G., 2008. JMLR, Vol 9, pp. 2579-2605.



SNE optimization

Symetric case: build IPx so that Px(j|i) = Px(i|))

Px (i) + Px(il)
2

in that case:

Vyi KL(Px|[Py) = 22 (yi —y;) (Px (i) — Py (j]7))

similarity rigidity

Possible acceleration thanks to the Barnes-Hut-SNE O(nlog n)



Derivation of the SNE gradient




Derivation of the tSNE gradient




t-Stochastic Neighbor Embedding (t-SNE)

1 1
Py (yjlyi) = Z1+lly -yl

3
_exp-X
—1/(1+x?) |1

Probabilités

0 1 2 3 7 8 9 10

If)ista;ncess
o Px =Py large = dy < dx (attraction)
o Px =Py small = dy > dx (repulsion)



t-SNE: influence of the perplexity

"The perplexity can be interpreted as a smooth measure of the effective
number of neighbors"

Perplexity=5 Perplexity=30 ity=100

- e
© =000
e’ C:: g J et
FHR \ \
\3 ‘7 )
B oal
. S

http://scikit-learn.org/stable/auto_examples/manifold/
https://distill.pub/2016/misread-tsne/


http://scikit-learn.org/stable/auto_examples/manifold/
https://distill.pub/2016/misread-tsne/

t-SNE practical optimization

With

 Px(li) + Px(il)) W — Py (jli) + Py (il)j)
Vi = 2 i 2

The gradient components are

OKL IPxHIPy n z
(— 2ZVUWU —2?ng(y,-—yj)
j=1
With an exageration factor p = 12
OKL Ipxﬂlpy n .
( 22 vijwij(y ; —2Z—pZW,§(y,-—yj)



t-SNE on MNIST

80

https://lvdmaaten.github.io/tsne/


https://lvdmaaten.github.io/tsne/

Refinement: Multi-scale similarities in SNE

25

0.5

-05F

-2
-2.5

John A. Lee, Diego H. Peluffo, Michel Verleysen Multi-scale similarities in stochastic neighb beddi ducing dimensionality while p ing both local
and global structure Neurocomputing 2015, 169:246-261.

http://dx.doi.org/10.1016/j.neucom.2014.12.095


http://dx.doi.org/10.1016/j.neucom.2014.12.095

Uniform manifold approx. & projection (UMAP)

wewts  rumowmy  rumowers  Lines

524 42 566 673

Leland Mcinnes @leland_mcinnes - 10 Nov 2017 v

@ The new numba based version of UMAP is out. Now faster than ever, it takes
only 2.5 minutes to embed the full 70000 points of the 784-dimensional 'Fashion
MNIST" dataset. github.com/Imcinnes/umap

Fashion MNIST Embedded via UMAP.

Ankle boot

Pullover

Trouser

Tshirttop

Q1 0 199 Q s13 [



What the UMAP algorithm actually does

di(xi, ) = l|xi — x| dy (v, v7) = Ilyi = ylI?
7dx(xi,xj-)+m,- 7dy(y,-,yj)+m,-
vi(xi, xj) =exp i wi(xj, xj) =exp i

@ estimate m; and o; using k neighbors of point x;

m; the distance between x; and its nearest neigbor
o; the diameter of the neighborhood of x;

@ symetrize v and w
vs(i,J) = vi(xi, x;) + vi(xi, ) — vi(xi, x;) vi (i, x;)

© Minimize the cross entropy (close to the KL divergence) using SGD

vs(i,J)
S(I,J)

m|n ZZVS(I J)log (( )) (1 — vs(i, j))log

i=1 j=1

https://www.math.upenn.edu/~ jhansen/2018/05/04/UMAP/
https://umap-learn.readthedocs.io/en/latest/how_umap_works.html


https://www.math.upenn.edu/~jhansen/2018/05/04/UMAP/
https://umap-learn.readthedocs.io/en/latest/how_umap_works.html

Uniform manifold approx. & projection (UMAP)

UMAP: Uniform

test umap
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https://github.com/lmcinnes/umap


https://github.com/lmcinnes/umap

Manifold learning with Scikit-learn
y Install User Guide APl Examples Community More~ |:
[ e e |

scikit-learn 1.2.dev0
Other versions

Please cite us if you use the software.

2.2. Manifold learning

2.2.1. Introduction

22.2.1somap

2.2.3. Locally Linear Embedding

2.2.4. Modified Locally Linear Embedding
2.2.5. Hessian Eigenmapping

2.2.6. Spectral Embedding

2.27. Local Tangent Space Alignment
2.2.8. Multi-dimensional Scaling (MDS)
22.9. t-distributed Stochastic Neighbor
Embedding (t-SNE)

2.210. Tips on practical use -4 -2 o 2 4

Isomap Embedding Multidimensional scaling Spectral Embedding T-distributed Stochastic
Neighbor Embedding

New ones:
2.2.5. Hessian Eigenmapping,
2.2.6. Spectral Embedding (Laplacian Eigenmaps),
2.2.7. Local Tangent Space Alignment



On going research field (manifold learning)

Laplacian Eigenmaps Stronger attraction Stronger repulsion t-SNE (o =1)

T s o | e
A \ o -%t %

7 7

Eig 2

Eig 1
ForceAtlas2 UMAP
A (
Eig 7 Eig 12 o L l é
A Unifying ive on Neight beddings along the lsi Bdhm et al, JMLR, 2021

https://github.com/berenslab/ne- spectrum

Spheres

1d imation with Two-phase Optimization, Ko et al, 2021

Uniform

https://github.com/hyungkwonko/umato


https://github.com/berenslab/ne-spectrum
https://github.com/hyungkwonko/umato

COIL 20

ﬁ..ﬁj. @ Columbia University Image Library

@ n =20 x 72 = 1440 images

o p =128 x 128 = 16384 pixels

@ images for all of the objects in which
the background has been discarded




COIL 20
PCA Sammon'’s projection (MDS)

t-SNE Multi-scale similarities SNE



Conclusions

@ And the winner is UMAP ...and t-SNE

@ other approaches. . .
» Self organizing feature maps - SOM (Kohonen, 1974)

vV vV VY Y VY VY VY VvV VvYYyY

Curvilinear component analysis (CCA, Demartines & Hérault, 1995)
Kernel PCA

Autoencoder neural networks

Kohonen’s maps

Laplacian Eigenmaps

Curvilinear distance analysis (CDA, Lee et al. 2004)

Semidefinite Embedding (SDE, Weinberger and Saul 2004)
Maximum Variance Unfolding (MVU)

Weighted t-SNE research.cs.aalto.fi/pml/software/ne/
Metric learning

© to play with: doc.gold.ac.uk/~1fedd001/three/demo.html


research.cs.aalto.fi/pml/software/ne/
doc.gold.ac.uk/~lfedd001/three/demo.html
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