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Le Lasso

@ Données

» X € R"™P les p variables observées n fois
» yeR” la variable réponse
@ Inconnues
» S eRP
@ hypothéses : pas de biais (pas de terme constant)
» mean(X) =10
> IX2 =1
» mean(y) =0

le cout pénalisé

A(B) = 3IXB = yI* + X8l

Les conditions d'optimalité

0€dh(B) = X (XB—y)+2(|8]1) ,
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La notion de chemin de régularisation

p
min Jy(8) avec Jx\(B)=3|XB—yl*+ 21D |8

BERP =
1 si ﬂj >0
0J(B) = XT(XB —y) + As(B) avec sj(B) = ¢ [-1,1] sipj=0
-1 si ﬂj <0

3 optimal si 0 € 9J(3) c'est-a-dire si pour g(8) = X (XB — y)

g(B)+A=0 s3>0
—A<g<A siB=0

g(B)—A=0 sip <0
Un cas intéressant :

si A > max(Xy); alors =0
J
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La notion de chemin de régularisation

B

-

o

0.000 0.002 0004 0.006 0.008 0010 0012 0014

Alarge = 3 = 0so that [XTy| <\
the first non zero component for vector 3 appears for A = max |X "y|

the regularization path is piecewise linear
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Algo CW pour le Lasso

p
Ah(B) = HXB-yIP+1> 15,

j=1
Algo CW pour le Lasso
itérer, tant que on n'a pas convergeé :
Pour j=1,p
fixer toutes les variables sauf 3;
résoudre le Lasso en une dimension : (1)
5 )
i = argminJ
Bj g,BeR A (8)

Le cout du Lasso en une dimension
103) = 318 = (v - X8) |2+ 213

APPC 2 octobre 2023 5/14



Le Lasso en 1d

min J( )(,B) avec J)(\ld)(ﬁ) = %Hxﬂ —

BER

Ao

02095) =x" (8- 1) + { N0

093" = {

The differential part :

Jae[-1,1],—x"r+Xa=0
Ix[[>8 — xTr + Asign(8) =

rl? + A3l

if 3=10

if =0

else.

if 3>0 g= 7”— it works when xTr > X
if <0 B=x%XtE2 it works when xTr < —\

[1x]1*

It remains the non differential part : when —\ < x"r < X then 3 =0

APPC

2 octobre 2023

6/14



|
Le Lasso en 1d
The differential part :

if >0 B:% it works when xr > \
if <0 BZW it works when xTr < —\

It remains the non differential part : when —\ < x"r < X then 3 =0

if [|x]]? =1

0 if xTr| <A
sign(x "'r)(|x"r| =) else.

5Lassold = {

Or in one line :
sign(x ' r)max((|x"r| — A),0)
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______________________________
Algo CW pour le Lasso

Pourj=1,p : Bj = arg/ani]EJ(j)(ﬁ)
€

JOPB) = 3lly = X8 = XB8)1 + A|g| )

= 3lir= X8I + AlB|

avec r =y — X0 et ) = (By,. ..

7ﬁj—17 07Bj+17 000 JIBP)

Maths Info
Pour j=1,p for j in range(p) :

/8(_'/') (/61,. ..,Bj,l,O,BjH,... ,,Bp) bj = beta; b_j[/] =0;

r=y— XBJ r=y— XQbj

B; = arg m|n J(J)(ﬁ, ,Z) beta[j] = sign(x " r) max((|x"
fin de pour end
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Codage

Q let's begin with 5 =0
@ in that case r < y since X =0
@ fit a single (the jth) component of vector f :
Blj] = sign(x " r) max((|x"r| = X),0)
@ update r : r < r — X[, j18[/]
© choose another component j’
© r r+ X[ j181/]
@ fit the other component j/ : B[j’] = sign(x"r) max((|x"r| — A),0)
Q update r : r + r— X[, j18l/]
O .. .iterate (go to 5)
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Sklearn et le Lasso

https://scikit-learn.org/stable/

de @ nadele [Dorive = cantine @ Galaxiecs [ eval2020 25Norma.. [Bj commite A G DARI [ Microsoft Word - m... [Jretraite " Gaelle.s (Q) Firefox Monitor () auentin 3 les articles [

SC l k ]_ t = 1 earn « Simple and efficient tools for predictive data analysis

g - « Accessible to everybody, and reusable in various contexts
Machine Learning in Python « Built on NumPy, SciPy, and matplotlib
« Open source, commercially usable - BSD license

Classification Regression Clustering

Identifying which category an object belongs to. Predicting a continuous-valued attribute associated with an object. ‘Automatic grouping of similar obi¢
Applications: Spam detection, image recognition. Applications: Drug response, Stock prices. Applications: Customer segment
Algorithms: SVM, nearest neighbors, random forest, and more... Algorithms: SVR, nearest neighbors, random forest, and more... comes.

Lasso
LassoCV
lasso path

LassolLars
LassoLarsCV
lars_path

sklearn.decomposition.sparse encode .
— o =
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sklearn.linear_model.Lasso

class sklearn. linear_model. Lassolalpha=1.0, * fit intercept=True, normalize=False, precompute=False, copy. X=True, max_iter=1000, to/=0.0001,
warm_start=False, positive=False, random_state=None, selection= cyclic')

[source]
Linear Model trained with L1 prior as regularizer (aka the Lasso)

The optimization objective for Lasso is:
(17 (2 * n_sanples)) » ||y - Xw||"2_2 + alpha * | |w]||_1

Technically the Lasso model is optimizing the same abjective function as the Elastic Net with 11_ratio=1.0 (no L2 penalty).

Read more in the User Guide.

Parameters: alpha : float, default

Constant that multiplies the L1 term. Defaults to 1.0. alpha = @ is equivalent to an ordinary least square, solved by the LinearRegression
abject. For numerical reasons, using alpha = 0 with the Lasso object is not advised. Given this, you should use the Lin:

rRegression object.
fit_intercept : bool, default=True

Whether to calculate the intercept for this model. If set to False, no intercept will be used in calculations (i.e. data is expected to be centered).
normalize : bool, default=False
‘This parameter is ignored when fit_intercept is set to False. If True, the regressors X will be normalized before regression by subtracting the

mean and dividing by the I2-norm. If you wish to standardize, please use sklearn.preprocessing.Standardscaler before calling fit onan
estimator with normalize=False.

3.2.41.3. sklearn.linear_model.LassoCV

class sklearn. Linear_nodel. LassoCV(* eps=0.001, n_alphas=100, alphas=None, fit_intercept=True, normalize=False, precompute="auto’, max_iter=1000, tol=
copy. X=True, cv=None, =False, n_jobs=None, positiy , random._. . selection="cyclic)

.0001,
[source]
Lasso linear model with iterative fitting along a regularization path.
See glossary entry for cross-validation estimator.
The best model is selected by cross-validation.
The optimization objective for Lasso is:
1/ (2 = n_samples)) = ||y - Xw||"2_2 + alpha * ||w||_1

Read more in the User Guide.

Parameters: eps : float, default=

-3

Length of the path. eps=1e-3 means that alpha_nin / alpha_max = le-3.
n_alphas : int, default=100

Number of alphas along the regularization path
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Lasso et Elastic Net

Le Lasso
M(B) = 3IXB=yI>+ Bl
Elastic Net

Jel(B) = 3IXB = yI* + AllBllx + 7115113 .
Lasso = Elastic Net with v =0,X = X',y =y’

Elastic Net = Lasso with X" = (X", \/71,) ",y = (y",0,)"

2
2
= [X'B =¥l
2

e 2 _|[[ X T4 [v
IXB = yl5+ 785 || [\/r,/p]ﬂ [op]

N——
vasl: T %

’

Regularization and variable selection via the elastic net H Zou, T Hastie, 2005
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Reweigthed least square (Lasso and Ridge)

/62
11"

the idea : iterate the weighted rigde towards a fixed pomt

P
I(B) = 3IXB— yH2+>\Z\BJ\—

p

,B(k+1) = argﬁmin %HXB - YH2 Z k)| i 6J 7

=1

with w; = 1/|69), that is

AU — (XTX + AW)7IXTy  with diag(W) =
= |ldentité
Tantque on n'a pas convergé
B = argmin 3[|XB — y||> + A\8TWp
W = diag(1/|8])
fin de tantque
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The adaptive Lasso

P
Hh(B) = 3IXB=yIP+2D_ wisil

Jj=1
W — 1
= (s
B

w = np.linalg.solve(X.T@X,X.T@y)
w = 1/np.sqrt(np.abs(w))

X_c = X/w
¢ = mon_lasso(X_c,y,lambda)
beta = c/w

The Adaptive Lasso and Its Oracle Properties, H. Zou, JASA, 2012
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